For a complete description of the physical properties of low-energy QCD, it might be advantageous to first reformulate QCD in terms of gauge-invariant dynamical variables, before applying any approximation schemes. Using a canonical transformation of the dynamical variables, which Abelianises the non-Abelian Gauss-law constraints to be implemented, such a reformulation can be achieved for QCD. The exact implementation of the Gauss laws reduces the colored spin-1 gluons and spin-1/2 quarks to unconstrained colorless spin-0, spin-1, spin-2 and spin-3 glueball fields and colorless Rarita-Schwinger fields respectively. The obtained physical Hamiltonian can then be rewritten into a form, which separates the rotational from the scalar degrees of freedom, and admits a systematic strong-coupling expansion in powers of λ = g −2/3 , equivalent to an expansion in the number of spatial derivatives. The leading-order term in this expansion corresponds to non-interacting hybrid-glueballs, whose low-lying masses can be calculated with high accuracy by solving the Schrödinger-equation of the Dirac-Yang-Mills quantum mechanics of spatially constant physical fields (at the moment only for the 2-color case). Due to the presence of classical zero-energy valleys of the chromomagnetic potential for two arbitrarily large classical glueball fields (the unconstrained analogs of the well-known constant Abelian fields), practically all glueball excitation energy is expected to go into the increase of the strengths of these two fields. Higher-order terms in λ lead to interactions between the hybrid-glueballs and can be taken into account systematically using perturbation theory in λ .
Introduction
The QCD action The Gauss law operators G a are the generators of the residual time independent gauge transforma-
Furthermore, H commutes with the angular momentum operators
The matrix element of an operator O is given in the Cartesian form
The spectrum of Equ.(1.5)-(1.6) for the case of Yang-Mills quantum mechanics of spatially constant gluon fields, has been found in [2] for SU (2) and in [3] for SU (3) , in the context of a weak coupling expansion in g 2/3 , using the variational approach with gauge-invariant wave-functionals automatically satisfying (1.6). The corresponding unconstrained approach, a description in terms of gauge-invariant dynamical variables via an exact implementation of the Gaws laws, has been considered by many authors (o.a. [1] , [4] - [10] , and references therein) to obtain a non-perturbative description of QCD at low energy, as an alternative to lattice QCD.
I shall first discuss in Section 2 the unphysical, but technically much simpler case of 2-colors, and then show in Section 3 how the results can be generalised to SU (3).
Unconstrained Hamiltonian formulation of 2-color QCD

Canonical transformation to adapted coordinates
Point transformation from the A ai , ψ α to a new set of adapted coordinates, the 3 angles q j of an orthogonal matrix O(q), the 6 elements of a pos. definite symmetric 3 × 3 matrix S, and new ψ ′ 
Preserving the CR, we obtain the old canonical momenta in terms of the new variables
In terms of the new canonical variables the Gauss law constraints are Abelianised, 4) and the angular momenta become
Equ.(2.4) identifies the q i with the gauge angles and S and ψ ′ as the physical fields. Furthermore, from Equ.(2.5) follows that the S are colorless spin-0 and spin-2 glueball fields, and the ψ ′ colorless reduced quark fields of spin-0 and spin-1. Hence the gauge reduction corresponds to the conversion "color → spin". The obtained unusual spin-statistics relation is specific to SU(2).
Physical quantum Hamiltonian
According to the general scheme [1] , the correctly ordered physical quantum Hamiltonian in terms of the physical variables S ik (x) and the canonically conjugate
and the Jacobian J ≡ det | * D|. The matrix element of a physical operator O is given by
The inverse of the FP operator and hence the physical Hamiltonian can be expanded in the number of spatial derivatives, equivalent to a strong coupling expansion in λ = g −2/3 .
Coarse-graining and strong coupling expansion of the physical Hamiltonian in
Introducing an UV cutoff a by considering an infinite spatial lattice of granulas G(n, a) at x = an (n ∈ Z 3 ) and averaged variables 9) and discretised spatial derivatives, the expansion of the Hamiltonian in λ = g −2/3 can be written
is the sum of the Hamiltonians of Dirac-Yang-Mills quantum mechanics of constant fields in each box, and the interaction terms
. lead to interactions between the granulas.
Zeroth-order: Dirac-Yang-Mills quantum mechanics of spatially constant fields
Transforming to the intrinsic system of the symmetric tensor S, with Jacobian sin β ∏ i< j (φ i − φ j ),
L,R , (2.11) the "free" Hamiltonian in each box (volume V ) takes the form [9] 
with the glueball part H G , the minimal-coupling H D , and the Coulomb-potential-type part H C
14)
and the total spin
The matrix elements become
The l.h.s. of Fig.1 shows the 0 + energy spectrum of the lowest pure-gluon (G) and quark-gluon (QG) cases for one quark-flavor which can be calculated with high accuracy using the variational approach. The energies of the quark-gluon ground state and the sigma-antisigma excitation are lower than that of the lowest pure-gluon state. This is due to a large negative contribution from H D , in addition to the large positive H G , while H C ≃ 0 (see [9] for details).
Furthermore, as a consequence of the zero-energy valleys "φ 1 = φ 2 = 0, φ 3 arbitrary" of the classical magnetic potential B 2 = φ 2 2 φ 2 3 + φ 2 3 φ 2 1 + φ 2 1 φ 2 2 , practically all glueball excitation-energy results from an increase of expectation value of the "constant Abelian field" φ 3 as shown for the pure-gluon case on the r.h.s. of Fig.1 (see [7] for details). 
Perturbation theory in λ and coupling constant renormalisation in the IR
Including the interactions V (∂ ) , V (∆) using 1st and 2nd order perturbation theory in λ = g −2/3 give the result [8] (for pure-gluon case and only including spin-0 fields in a first approximation)
17)
for the energy of the interacting glueball vacuum and the spectrum of the interacting spin-0 glueball.
which is violated in this 1st approximation by a factor of 2. In order to get a Lorentz invariant result, J = L + S states should be considered including also spin-2 states and the general V (∂ ∂ ) .
Independence of the physical glueball mass
of box size a, one obtains 
Symmetric gauge for SU(3)
Using the idea of minimal embedding of su (2) such that the corresponding non-trivial non-vanishing structure constants, [
2 , have at least one index ∈ {1, 2, 3}, the symmetric gauge, Equ.(2.2), can be generalised to SU (3) [5, 10] ,
("symmetric gauge" for SU (3)).
Carrying out the coordinate transformation [10] A ak q 1 , ..,
an unconstrained Hamiltonian formulation of QCD can be obtained. The existence and uniqueness of (3.3) can be investigated by solving the 16 equs.
for the 16 components of S in terms of 24 given components A. Analysing the Gauss law operators and the unconstrained angular momentum operators in terms of the new variables in analogy to the 2-color case, it can be shown that the original constrained 24 colored spin-1 gluon fields A and the 12 colored spin-1/2 quark fields ψ (per flavor) reduce to 16 physical colorless spin-0, spin-1, spin-2, and spin-3 glueball fields (the 16 components of S) and a colorless spin-3/2 Rarita-Schwinger field ψ RS (12 components per flavor). As for the 2-color case, the gauge reduction converts color → spin, which might have important consequences for low energy Spin-Physics. In terms of the colorless Rarita-Schwinger fields the ∆ ++ (3/2) could have the spin content (+3/2, +1/2, −1/2) in accordance with the Spin-Statistics-Theorem.
Transforming to the intrinsic system of the embedded upper part S of S (see [10] for details)
one finds that the magnetic potential B 2 has the zero-energy valleys ("constant Abelian fields") B 2 = 0 : φ 3 and y 3 arbitrary ∧ all others zero (3.6) Hence, practically all glueball excitation-energy should result from an increase of expectation values of these two "constant Abelian fields", in analogy to SU (2) . Furthermore, at the bottom of the valleys the important minimal-coupling-interaction of ψ RS (analogous to (2.14)) becomes diagonal
Due to the difficulty of the FP-determinant (see [10] ), precise calculations are not possible yet. Note, however, that in one spatial dimension the symmetric gauge for SU(3) reduces to with 6 solutions separated by zero-lines of the FP-determinant ("Gribov-horizons"). Exactly one solution exists in the "fundamental domain" 0 < φ 3 < ∞ ∧ φ 3 / √ 3 < y 3 < ∞, and we can replace
For two spatial dimensions, one can show that (putting in Equ. dA a1 dA b2 → dγ
Due to the difficulty of the FP-determinant, I have, however, not yet succeeded in a satisfactory description of the regions R 1 and R 2 . For the general case of three dimensions, I have found several solutions of the Equ.(3.4) numerically for a randomly generated A, but to write the corresponding unconstrained integral over a fundamental domain is a difficult, but I think solvable, future task.
Conclusions
Using a canonical transformation of the dynamical variables, which Abelianises the nonAbelian Gauss-law constraints to be implemented, a reformulation of QCD in terms of gauge invariant dynamical variables can be achieved. The exact implementation of the Gauss laws reduces the colored spin-1 gluons and spin-1/2 quarks to unconstrained colorless spin-0, spin-1, spin-2 and spin-3 glueball fields and colorless Rarita-Schwinger fields respectively. The obtained physical Hamiltonian admits a systematic strong-coupling expansion in powers of λ = g −2/3 , equivalent to an expansion in the number of spatial derivatives. The leading-order term in this expansion corresponds to non-interacting hybrid-glueballs, whose low-lying masses can be calculated with high accuracy (at the moment only for the unphysical, but technically much simpler 2-color case) by solving the Schrödinger-equation of Dirac-Yang-Mills quantum mechanics of spatially constant fields. Higher-order terms in λ lead to interactions between the hybrid-glueballs and can be taken into account systematically, using perturbation theory in λ , allowing for the study of the difficult questions of Lorentz invariance and coupling constant renormalisation in the IR.
